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The Project
B -

e Main goal. algorithms for computation in linear
algebraic groups

e Joint with Arjeh M. Cohen, Scott H. Murray and
Don E. Taylor

e Implementation in Magma
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Preliminary remarks

o N

e Classification of finite simple groups
o Chevallley groups (“untwisted”)
o Twisted Chevallley groups (unitary, Ree, Suzuki, ...)
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Preliminary remarks
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e Classification of finite simple groups
o Chevallley groups (“untwisted”)
o Twisted Chevallley groups (unitary, Ree, Suzuki, ...)

e Computation in “untwisted” groups possible for arbitrary
flelds

o Steinberg presentation
o Unigue decomposition of elements
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Preliminary remarks

-

e Classification of finite simple groups
o Chevallley groups (“untwisted”)
o Twisted Chevallley groups (unitary, Ree, Suzuki, ...)

e Computation in “untwisted” groups possible for arbitrary
flelds

o Steinberg presentation
o Unigue decomposition of elements

e Computation in “twisted” groups is not possible
e More twisted groups for arbitrary fields

o |
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Linear Algebraic Groups

-

e ['Is an algebraically closed field

e Linear algebraic groups are

o subgroups of GL,, for some n
o defined by polynomial equations (over F)

e Examples:
GL, ={ (A, t) € F™"H | det(A)t =1}

SL, = { A€ F™" | det(A) =1}

L SU, = (SLp)a J
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Field of Definition

e ['Is an algebraically closed field
e (7 Is a linear algebraic group

e (7 Is defined over the subfield £ C F'If
the polynomials involved in the definition of G are over &

e Examples:
GL,, and SL,, are defined over the prime field of F

o |
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Groups of Lie type
B -

e For a Galois extension k£ C K C k., and
I' = Gal(kgep : K)

GK)={geG|g'=g Vyel}

(here I' acts componentwise on the entries)

o |
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Cocycles

-

e Als agroup,
['is a group acting on A (on the right)



Cocycles

-

e Als agroup,
['is a group acting on A (on the right)

e Acocycleisamap a:I' - A4, a:y— a, St

a,r = (o) -a; Vo,7rel
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Cocycles

-

e Als agroup,
['is a group acting on A (on the right)

e Acocycleisamap a:I' - A4, a:y— a, St

a,r = (o) -a; Vo,7rel

e (G Is a reductive linear algebraic group defined over &
K 1s a Galois extension of k

[':=Gal(K : k) A = Autg (G)

o |
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Twisted Groups
B -

e For a cocycle «:
Ga(k)={geGK)|g"™ =g Vyel} <G(K)

IS a “twisted” group of Lie type

o |
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Twisted Groups
B -

e For a cocycle «:
Ga(k)={g€GK)|[g™ =g Vyel}<GK)
IS a “twisted” group of Lie type

e “Untwisted” groups of Lie type given by the trivial
cocycle:

Gi(k)={g9€GK)|g'=g Vyel}=0Gk)

o |
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Problem description

o N

e Which elements are inside G4 (k)?
o easy to decide for a given element
o hard to find new elements

o |
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Steinberg presentation and Root datum

o N

e Consider the Steinberg presentation for G (k) with
respect to

o therootdatum R = (X, d,Y, %)
o and the fundamental system II
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Steinberg presentation and Root datum

o N

e Consider the Steinberg presentation for G (k) with
respect to

o therootdatum R = (X, d,Y, %)
o and the fundamental system II

e Generators: z,(t) withr e dand t € k

o |
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Steinberg presentation and Root datum

o N

e Consider the Steinberg presentation for G (k) with
respect to

o therootdatum R = (X, d,Y, %)
o and the fundamental system II

e Generators: z,(t) withr e dand t € k
e Relations:

rr(t)xy(u) = xp(t + u)
e (t), ws(uw)]) = || @irtjs(Crsijt'e?)

i,7>0

N N
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['-action on the root system

o N

e Each a,, can be assumed to be of the form

Twh

o 7 IS Diagram automorphism
o w Is Weyl element
o h Is torus element

o |
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['-action on the root system

o N

e Each a,, can be assumed to be of the form
Twh
e [' acts on the root system & by

. TW
av.rl—w“
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['-action on the root system

o N

e Each a,, can be assumed to be of the form
Twh
e [' acts on the root system & by
oy T =1

e Each orbit O, (r) has one of the following properties:

o |
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['-action on the root system

o N

e Each a,, can be assumed to be of the form
Twh
e [' acts on the root system & by
oy T =1

e Each orbit O, (r) has one of the following properties:
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Relative root system

o Put

Xo:={xeX|) x*=0}
vel
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Relative root system

-

o Put

Xo:={xeX|) x*=0}
vel

e let X = X/Xpand7: X — X
e 7 IS morphism of Z-modules
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Relative root system

o Put —‘
Xo={xeX|) x* =0}

vel
e let X = X/Xpand7: X — X
e 7 IS morphism of Z-modules

o U :=7(d\ Pg) IS a root system
e A :=n(IT\Ily) Is a fundamental system for ¥
e U not necessarily irreducible nor reduced (even if ¢ is)

o |
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Relative root system

o Put —‘
Xo={xeX|) x* =0}

vel
e let X = X/Xpand7: X — X
e 7 IS morphism of Z-modules

o U :=7(d\ Pg) IS a root system
e A :=n(IT\Ily) Is a fundamental system for ¥
e U not necessarily irreducible nor reduced (even if ¢ is)

L e U s called relative root system J
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Relative roots

-

e For arelative root § € U+ we have

UO C(I)+\(I)Q

reds

e Here Js Is a fixed set of representatives of involved
orbits

o |
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Relative root elements

-

e For a relative root § € ¥ let

o Vs be the vector space over K with basis J;

o Writet=>___; t,r

reds

o |
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Relative root elements

-

e For a relative root § € ¥ let

o Vs be the vector space over K with basis J;

@) erte t — ZTEJ(S
o Fort e Vj set

us() = [ ] 2rtr)

reds yel’

trr

o |
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Relative root elements

-

e For a relative root § € ¥ let

o Vs be the vector space over K with basis J;

@) erte t — ZTEJa
o Fort e Vj set

trr

us() = [ ] 2rtr)

reds yel’

o Set
Us = {us(t) | t € V5}

o |
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Relative root elements

-

e For a relative root § € ¥ let

o Vs be the vector space over K with basis J;

@) erte t — ZTEJa
o Fort e Vj set

trr

us() = [ ] 2rtr)

reds yel’

o Set
Us = {us(t) | t € V5}

e [WO cases:

020 & W 020 € U

o |
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Relative root elements: Case 20 € ¥

o N

e |In this case root elements are

rs(t) = ug(t)

e The root subgroup is abelian group

X5 = Us
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Relative root elements: Case 20 € W

o N

e The element u;(¢) is not fixed under yo,



Relative root elements: Case 20 € W

o N

e The element u;(¢) is not fixed under yo,

e BUT: product of the same terms, in a different order

o |
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Relative root elements: Case 20 € W

o N

e The element u;(¢) is not fixed under yo,
e BUT: product of the same terms, in a different order

e Obtain ¢(¢) by reordering:

ug(t)7™ = us(t)c(t)

o |
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Relative root elements: Case 20 € W
- -

e The element u;(¢) is not fixed under yo,
e BUT: product of the same terms, in a different order

e Obtain ¢(¢) by reordering:

ug(t)7™ = us(t)c(t)

e ¢(t) Is product of root elements
corresponding to roots in 7—1(20)

o |
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Relative root elements: Case 20 € W

o N

e Need a correction term: v(t)
such that us(t)v(t) Is fixed under vo,
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Relative root elements: Case 20 € W

o N

e Need a correction term: v(t)
such that us(t)v(t) Is fixed under vo,

(us(t)v(t))™™ = ug(t)v(t) <= c(t) = v(t)v(t)7™

Magma Workshop 2005. Twisted forms of linear algebraic groups: Relative root subgroups. —p.17/20



Relative root elements: Case 20 € W
- | | -

e Need a correction term: v(t)
such that us(t)v(t) Is fixed under vo,

(us(t)v(t))™™ = ug(t)v(t) <= c(t) = v(t)v(t)7™

e This equation is solvable and the set of solutions in

x= 1] x

rem—1(29)

IS the coset v(t) Xo45 for any particular solution v(t)

o |
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Relative root elements: Case 20 € W

o N

e Need a correction term: v(t)
such that us(t)v(t) Is fixed under vo,

(us(t)v(t))™™ = ug(t)v(t) <= c(t) = v(t)v(t)7™

e This equation is solvable and the set of solutions in

x= 1] x

rem—1(29)

IS the coset v(t) Xo45 for any particular solution v(t)

e Use modified version of additive Hilbert's Theorem 90
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Relative root elements: Case 20 € W

o N

e Relative root elements are

r5(t) = us(t)v()

for a fixed solution v(?)
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Relative root elements: Case 20 € W

o N

e Relative root elements are

r5(t) = us(t)v()

for a fixed solution v(?)
e Relative root subgroup is

X5 1= (Xas, {ws(t)|t € V5})
= (ws(1)|t € Vi) Xos

o |
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Relative root elements: Case 20 € W

o N

e Relative root elements are

r5(t) = us(t)v()

for a fixed solution v(?)
e Relative root subgroup is

X5 1= (Xas, {ws(t)|t € V5})
= (ws(1)|t € Vi) Xos

e Note that the definition of X, Is independent
of the choice of elements v(t)

o |
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Groups generated by relative roots

o N

Ua(k) =U(K)NGa(k) = (Xs5| 6 € TT)
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Groups generated by relative roots

o N

Ua(k) =U(K)NGa(k) = (Xs5| 6 € TT)
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Groups generated by relative roots

o N

Ua(k) =U(K)NGa(k) = (Xs5| 6 € TT)

Ga(k)' = (Ua(k)? | g € Ga(k))
= (X5 [0€ V)
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